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MAXIMAL AND POTENTIAL OPERATORS ASSOCIATED 
WITH GEGENBAUER DIFFERENTIAL OPERATOR ON 
GENERALIZED MORREY SPACES 

ELMAN J. IBRAHIMOV, SAADAT A. JAFAROVA, AND S. ELIFNUR EKINCIOGLU 


Abstract. In this paper we study the boundedness of the maximal (G- 
maximal) and potential (G-potential) operators associated with Gegen- 
bauer differential operator on generalized G-Morrey spaces. The results 
of this paper are generalizations of the corresponding results to gen¬ 
eralized G-Morrey spaces and modified Morrey spaces.We obtain also 
analogs of E.Nakai’s results for the Hardy-Littlewood maximal operator 
and the R.iesz potential in generalized Morrey spaces. 


1. Introduction 

In 2011, in the paper [11] new integral transformations that formed the ba¬ 
sis of theory of Harmonic analysis of the Gegenbauer differential operator were 
constructed. Later, this theory was intensively developed in various directions: 
approximation theory, imbedding theory, transformation theory, theory of max¬ 
imal functions and potential theory (see [4-8, 9-11]). The basis of this theory 
was the Gegenbauer differential operator G (see [1]). In [1], various represen¬ 
tations (through integral and hypergeometrical functions) of eigen-functions of 
this operator, relations between them, formulas of addition and product for these 
functions, asymptotic formulas, etc are given. The reader can find detailed infor¬ 
mation in the mentioned paper [1]. 

One of the important directions of the Gegenbauer harmonic analysis is the 
boundedness of maximal operator and potential generated by the Gegenbauer 
differential operator G. 

The boundedness of the maximal (G'-maximal) and potential (G-potential) 
operators associated with Gegenbauer differential operator G. 

G = G A = ( x 2 - 1)5- a -^(x 2 - 1) A+ !-^-, x € (l,oo), A G (0, J) 

on the Lebesgue, Morrey and modified Morrey spaces is considered in [3, 4, 5]. 

In the present paper, we introduce a generalized Gegenbauer-Morrey (G-Morrey) 
space M Pt \ : uj (M+, G), and estimate G-maximal and G— potential operators gen¬ 
erated by Gegenbauer differential operator G. The obtained result is an analog of 
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the corresponding theorems obtained for the Hardy-Littlewood maximal operator 
and the Riesz potential in [16]. 


2. Definition and notation 

Let H(x, r ) = (x — r, x + r) n (0, oo), r G (0, oo), x G (0, oo) = M+. For all 
measurable sets E C (0, oo), put pE = \E\\ = j E sh 2X tdt. 

For 1 < p < oo let L P) a(M + ,G) be the space of functions measurable on M + 
with the finite norm 

||/IUp,A = {J \f(cht)\ p sh 2X tdty, l<p<oo, 

11 /11 oo, A = ll/lloo = ess sup \f(cht)\, p = oo. 
te(o,oo) 

In [5], the following notation is introduced. 

Let l<p<oo, 0<A<|, 0 < 7 < 2 A + 1, [r]i = min{l,r}. We denote 
by L Pi a, 7 (M + , G), M + = (0,oo), the G-Morrey space, and by L P) a i 7 (M + , G) the 
modified G-Morrey space, as the set of locally integrable functions f(chx), x G 
M_l_, with the finite norms 

H/IIW = sup (r" 7 f \f(cht)\ p sh 2X tdt\ , 
x,r >0 V JH(x,r) J 


i 


= sup 

x,r> 0 



\f(cht)\ p sh 2X t.dt. 


H(x,r) 


respectively. 

Note that L p ^\^(W + ,G) = L P} \fi(W + ,G) = L Pt \(R+,G). 
If 1 < p < oo, 0 <A<|, 0 < 7 < 2 A + 1, then 


-^p,A, 7 0^+i G) — ip,A, 7 (®+, G) H L p ,a(M + , G) 


and 




= max 


- / p,A, 7: 


1 / 


p,A 


} 


(see [5], Lemma 2.2). 

If 7 < 0 or 7 > 2A + 1, then L p .a ) 7 (IR+, G) = L Pi a ;7 (M+, G) = 0 , where 6 is the 
set of all functions equivalent to 0 on M+. 

Let 1 < p < 00 , 0<A< 5 , 0 < 7 < 2A + 1. We denote by IFL P) a ) 7 (M+, G) the 
weak G-Morrey space, and WL P) \^ (M + , G) the modified weak G-Morrey space 
as the set of locally integrable functions f(chx), x G M+, with the finite norms 


ll/ll WL Pj a , 7 


supr sup 
r>0 t,x> 0 


(t 7 |{j/ € H(x,t) : \f(chy)\ > r}| 7 ) P , 


WL 


'pAi7 


= sup r sup 

r>0 t,x> 0 


(Mi 7 l {y e # 0 M) : l/(cMI > UI7) 


1 

p 


respectively. 
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Note that WL p ^(R+, G) — WX PjA) o(ffi+, G) G), L PiAi 7 (R+, G) C 

1UL P , A , 7 (M+,G) and \\f\\ W L PtKl < ||/||l p , a , 7 , L p , A , 7 (M+,G) C WL p ^(R + , G) 


and \\f\\ WLp ^ <11 j \\ Lp X ^ 


The generalized shift operator associated with the operator G\ is of the form 
(see [ 6 , 9]) 

r(A + !) 


A c htf{chx) = 


f(chxcht — shxslit cos ip)(sirup) 2X l dtp. 


nml) Jo 

This operator possesses properties similar to those of the generalized shift oper¬ 
ator in Levitan’s works [13] and [14]. 

By analogy with [16], we introduce the following notation. 

Definition 2.1. Let 1 < p < oo and let w : M+ —> R + be a Lebesgue measurable 
function. The generalized Gegenbauer-Morrey (G-Morrey) space M Pt \ tW (R + , G) 
associated with the Gegenbauer differential operator G\ are the set of locally 
integrable functions f(chx), x G M+ with the finite norm 

1 




M„ 


h ’ X ’ W ' * 6 r!J?> 0 W r ) J H ( o,r) 

and the weak Morrey space WM p \ w (M + , G) are the set of locally integrable 
functions f(chx), x G M+, with the finite norm 

I WM P}X , w 0&+,G) = \\f\\wM PtXtW 

1 


A cht\f( ch x)\ p sh 2X tdt) p , 


= sup r sup 


r >0 x£R + ,t>0 


1 


= sup r sup 


y G H(0,t) : \A x hy f(chx)\ > r} J : 

sh 2X ydy) : 


r >0 xeTSL + ,t>0^ w (t) J{yEH(0,t):A* hy \f(chx)\>r} 

Under the choice w(r) = r 7 , 0 < 7 < 2A + 1, or w(r) = [r\[, we can write that 


Tp,A, 7 (K+; G) = Mp,\, w (^+: G)\ w ( r } =r ~/, and L Pi a ! 7 (M_|_, G) = M p ^ w (R + , G) 
respectively (see [5]). 

Let Mq be the Gegenbauer maximal operator(see [9]) for / G L<^(IR + ) 

M G (chx) = sup 1 [ A x ht | / (chx) \ sh 2X tdt, 

r>0 \H(0,r)\x J H (0,r) 

where |iL(0,r)| A = f Q r sh 2X tdt. 


w(r)=[r] 


For q > 1 let 


Ml f (chx ) = (M G \f\ q (chx))i. 


The Riesz-Gegenbauer ((R-G)-potential) I G is defined as follows (see [3, 4, 5]) 

1 roo / 1*00 \ 

Icf(chx) = J ^ ^ r^~ 1 h r (cht)drj A x M f(chx)sh 2X tdt, 


where 


/ OO 

e -u(u+2\)rp\( cht j sh 2\ udu 


and P^(cht) is an eigen function of the operator G. 
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Throughout in the paper, we will denote by shx, chx the hyperbolic functions 
and by A < B we mean that A < CB with some positive constant G which can 
depend on some parameters. If A < B and B < A, we write A ~ B and say that 
they are equivalent. 

3. Main results 

Let 0 < 5 < 1. Assume that w(r ) satisfies the conditions: for any r > 0 

r < t < 2r =7 w(t) ~ w(r), (3.1) 

w(t ) < Jr- _ ( 2 A+ 1 ) < 5 w(r), 7 = 2A + 1; 0 < r < 2. 

J r tj s+1 ~ |^r _ 4 A< 5 u;(r), 7 = 4A; 2 < r < 00 . 

Theorem 3.1. Let conditions (3.1) and (3.2) 6 e valid. Then 

(i) For f £ Mp^ )W (M + , G) and 1 < q < p < 00 

P4/IUw £ II/IIaw ( 3 . 3 ) 

(if) For / £ WM Pj ^ )tt ,(M + , G) , 1 < p < 00 and for any t > 0 

11 Mq /1| W. M Pt x, w ~ \\f\\M Pt x, w - (3- 4 ) 

Now, we consider the Riesz-Gegenbauer potential ((R-G)-potential) Lg. 

Theorem 3.2. Let 0<A< 4 ,0<a<2A + l,l<p< 2 K +1 an< i 4 — 4 = 9A g_ 1 ■ 
Assume that w satisfies the conditions (3.1) and (3.2). Then 
(*) if P> 1 ^en /or / £ M P;AjU) (M + , G) 

II 4 S/IIal 2 < ll/IU w (3.5) 

q,X,w P 

( ii ) if p = 1 and f £ Mi )AjU ,(M + , G). Fden 

pG/llwAf 9 , AiW ^ ||/I|m 1>a>w - (3.6) 

Corollary 3.1. [3] Let 0<a<2A + l,0<7<2A + l — a and 1 < p < ■ 

( i ) If 1 < p < 2A4 q 1 ~ 7 , t/ien condition 4 — 4 = 2 a-k- 7 necessary and 

sufficient for the boundedness of Iff from L P)A)7 (M+,G) to L gjAj7 (K+, G). 

(ri) If p = 1 < 2A4 q 1 ~ 7 , tden t/ie condition 1 — 4 = 2 a-iu- 7 necessary and 
sufficient for the boundedness of Iq from Li iA)7 (®h_, G) to lTL gj A i7 (M+, G). 

Corollary 3.2. [5] Let 0 < a < 2A + 1, 0 < 7 < 2A + 1 - a and 1 < p < 2A + 1 ~ 7 . 

1) If 1 < p < , then the condition 2 X +1 < 4 — 4 < 2 a+i -7 necessary 

and sufficient for the boundedness of Iq from L P)A)7 (M + , G) to L 9 iA)7 (1R+, G). 

2 ) If p = 1 < 2A ~ l p 1 ~ 7 , t/ien t/ie condition 2 \+i — 4 — 4 < 2 a+i - 7 necessary 
and sufficient for the boundedness of Iq from L 1;A;7 (M + ,G) to WLq )A)7 (ffi+, G). 
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4. Auxiliary results 

Further we need the following results. 

Lemma 4.1. [9] For 0 < A < \ the following relations are true: 

(s/i|) 2A+1 , 0 < r < 2, 


mo,r)\ x 


(chK) , 2 < r < oo. 


Let xh be the characteristic function of H = 14(0, r). 

Lemma 4.2. [10]. For x G M+, r > 0, and 0 < A < ^ the following relation 


MoXH(chx) ps { ) sh sh l 


sh^ \2A+1 

a_' , 0 < x + r < 2, 


sh^r 


4A 


, 2 < x + r < oo 


is valid. 


Lemma 4.3. For every nonnegative function f(chx), x G R+ the following 
lation 


J A[ ht f(chx)sh 2,x tdtK. J f(chu)sh~ A u du. 

0 H(x,r) 

is valid. 

Proof. In the work [9] it is proved that (see [9], proof of Theorem 2.1) 


7 

J(x,r) = j A[ ht f (chx)sh 2X t dt 


ch(x+r) 


C x J f(z)(z 2 - l) A "i J (1 - u 2 ) x - l du dz. 


ch(x—r) 
z ch x—ch r 


(p(z,x,r) 


where <p(z,x,r) = ; and -1 < <p{z,x,r) < 1 ,C X = 

Then 

i l 

A(z, x, r) = C\ J (1 — u 2 ) x ~ 1 du < C\ J (1 — u 2 ) x ~ l du = 1. 

<p(z,x,r) —1 

Now estimate the integral A(z,x,r). Let —1 < ip(z,x,r) < 0. Then 


1 1 

A(z,x,r)=C\ J (1 — u 2 ) x ~ 1 du > C\ J(1 — v?) x ~ 1 du 

ip(z,x,r) 0 

1 A 1 

> 2 a_1 C'a/( l- uf-'du = ^C x . 


re- 
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Now, let 0 < (p(z,x,r ) < 1, then 


l—(p(z,x,r) 


A(z,x,r)=C\ J (1 — u) x 1 (l + rt) A 1 du = C\ J u x 1 (2 — u) x 1 du 


(f(z,x,r) 


= C\ I u 

i 


— A—1 


A—1 

2 — — ) du = C\ 
u, 


u 2X (2 u — 1) A 1 du 


A—1 


1 — lp(z,X, r ) 


1 — ip(z,x,r) 


= 2 2X ~ 1 C\ 


CXJ CXJ 

J u~ 2X (u — 1) A_1 du = 2 2X ~ 1 C\ J (u + l)~ 2X u x ~ 1 du 


1 — cp(z,x,r) 


l — <p(z,x,r) 
1+c p(z,x,r) 


1 -\-cp(z,x,r) 
l — ip(z,x,r) 


= 2 


2A-1 


C x J (l + uy 2X u x ~ 1 du>2 2X - 1 C x J (l + u) _2A u A_1 d« 


> 2 2X ~ 1 C\ 


i i l 

f rt A_1 


i 9 ,d« > — [ u x x du = —^ . 

J (l + k) 2A - 2 J 2\ 

0 0 


Consequently, 


A(z,x,r) = j (1 — u 2 ) x 1 duK, 1, 

( p(z,x,r ) 


and 


ch(x-\-r) 


J(x,r) ~ J f(z)(z 2 — 1) A 2 dz = j f (chu) sh 2X udu. 


ch(x—r) 


H(x,r) 


□ 


Theorem 4.1. (Calderon-Zygmund decomposition ofM. n ). Suppose that f is 
nonnegative integrable on M + . Then for any fixed a > 0, there exists a sequence 
{Hj (.Xj,rj )} = {Hj} of disjoint interval such that 

(1) f(chx) < a for a.e. x 0 (J Hj; 

(2) \UHj\x<±\\f\\ Ll , x ; 

j 

(3) a < f Hj f(chy)sh 2X ydy < 2< 2A+1 ) n a, n = 1,2,.... 

The proof of this theorem is similar to Theorem 1.2.1 from [15]. 

Theorem 4.2. (Fefferman-Stein type inequality) 
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(i) For every nonnegative measurable functions f and g on M+ every 
1 < p < oo and every 0 < t < oo, 

f A x ht (MQf(chx)) p g(chx)sh 2X xdx < f A x ht f(chx) p MQg(chx)sh 2X xdx, 

J M-j- J M+ 

(4.1) 

(ii) For any measurable function on M + / > 0 and g > 0 


'{xeR+:A\ M G f(chx)>a} 


g(chx)sh 2X xdx < — [ A x ht f(chx)MGg(chx)sh 2 X xdx, 

a J R+ 

(4.2) 


Proof. First assertion follows from the inequality (see[3], Theorem 1.4) 


/ Af ht (MGf{chx)) p g(chx)sh z *xdx < / A x ht f (chx) p Mcg(chx)sh 2X xdx 

Jo Jo 

as r —> oo. 

We prove (4.2). Using the relation from Lemma 4.3 

/ A x ht f (chx)sh 2X tdt « / f(chu)sh 2X udu ps a, 

JlKO.r) J H(x.r) 


we obtain 


Acht f ( chx ) Mc g (ch x)sh 2X xdx 


lHi(0,r) 


1 


> / A chtf(chx). . 

JHi{0,r) \\Fli{0,1 )|a 

> a / g{chu)sh 2X udu. 

J {u£R+:Mg f (chu)>a} 


A x ht g{chx)sh 2X ydy^j sh 2X xdx 


Summing over i , we get 


A x kt f(chx)MGg(chx)sh 2X xdx > a / g(chu).sh 2X udu 


> 


a 


g{chu)sh 2X udu 


' {uGM_|_:M(5/(c/iw)>a} 


From this it follows (4.2). □ 

Lemma 4.4. Let the conditions (3.1) and (3.2) hold. 

Then for 1 < p < oo and f € M P) y u ,(M + , G ) we have 

[ A x ht \f{chx)\ p (M G XH(chx)) s sh 2X xdx < w(r)\\f\\ P Mp , x , w - 
J M_l_ 
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Proof. Let xh be the characteristic function of iL(0,r). Then Mqxh < 1- On 
the other hand, by Lemma 4.2 for 0<x + r<2we have 


A cht\f( chx )\ P ( M GXH(cht)) 6 sh 2X tdt 


~ A cht\f( chx )\ Psh tdt 

+±c 

w ( r )(z^A [ A c ht I/ (chx)\ p sh 2X tdt) 


^w(r) J 0 

OO /»2 fc + 1 


+ SJL 


(since shax > a-shx for a > 1) 

C _ 

< (w(r) + X] 2 


By (3.1) 


we have 


— (2A+1)5 


w 


< 2 ‘ + M) ii/Hm„, a ,„ 


k=0 
oo 


< ( r (2A+l)5^ 


w{2 k r ) 


k=0 


^2A + 1)(2A+1)<5 J -™P>A,u) 


w{2 k r) 


r2 k+1 r 


< 


w(t) 


(2*y)(2A+l)6 ~ J 2kr -f-(2\+l)S+l 


dt , 


24 cfeil/( c/ia:: )l P ( M GXi?(cht))' 5 sh 2A tc?t 


< / (2A+1)«S 




M p 


p,X,w 


If2<rc + r<oo, then by Lemma 4.2 and previous case we obtain 
/ A A /lt |/(chx')| p (^Mg'Xh (cht)^j sh 2X tdt 


AX 


w{t) 


J t 4XS+l dt )Wf\\ M rA,™ ~ w( T)\\j\\M p , XiW - 
Now the assertion of Lemma 3.4 follows from (4.3) and (4.4). 


(4.3) 


(4.4) 

□ 


5. Proofs of the main results 

Proof of Theorem 3.1. ( i ) We use (4.1) for \f\ q and xh > 0, the characteristic 
function of fL(0,r). 

Then 


'H (0,r) 


A cht( M Gf( chx )Y sh xdx ~ / 24 c/itl/( c/ia: )l PM GXH(c/ix)s/i 2 A X(ix 
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It follows from Lemma 4.4 with 5=1 that 

[ A x ht (M^f(chx)) p sh 2X xdx < w(r 

J H(0,r) 

Therefore we obtain (3.3). 

(ii) We use (4.2). By Lemma 4.4 with d = 1 we have 


{x G H{f),r) : A x ht M c f(chx) > aj 


M, 


p,X,w * 


XH(chx)sh 2X xdx 


'{x€M.+ :A\ M G \f\ p (chx)>aP} 


<a p [ A x ht |/ (chx)\ p Mxh( chx)sh 2X xdx 
J R+ 


< 


a p w(r)\\f\\ 


v 

^p,X,w 


From this it follows (3.4). 

To prove Theorem 3.2 we need the following result (see [4], Theorem 3) 


Theorem 5.1. [4] Let 0<A<2,0<a<2A + l and 1 < p < 2X + ] . 

(а) If 1 < p < , then the condition ^ ^ = 2 X +1 necessary and sufficient 

for the boundedness of the operator Iq from L Pj \(R + , G) to L q ^\(M. + , G). 

(б) If p = l, the condition is necessary and sufficient for the boundedness of 
the operator Iq from Li t \(M + , G) to L Q) a(M+, G). 


Proof of Theorem 3.2. (i) For / G M p x, w (M+,G) and for H(0,r), let 

/ = /1 + f- 2 , fi = fXH ■ Since Ig is bounded from L P: \Q&+,G) to L 9 i a(K+,G), 


[ A x ht \I%h(chx)\ q sh 2X xdx< ||Ig/i||| x t H (0r)) 

~ L qA (H (0,r)) ~ ij H{Q ^ A cht\f( chx )\ Psh2Xxdx ) 


Therefore, 


w{r ) 


L 


77(0,r) 


A cht\ I Ghi chx )\ qsh2Xxdx ) 


1 

Q 


(fflA l A cht\f(chx)\ p sh 2X tdt) 

\W{r) JH(0,r) ' 

For x G H (0, r) and for t G (r, 00 ) we have 


< 


M, 


p,X,w * 


m-2(chx)\ < 



A cht\fA chx )\ s h 2X t 

(c/ii ) 2A + 1 

A cht\f 2 (chx)\sh 2X t 
(e/it) 4A 


dt, 0 < r < 2, 
dt , 2 < r < 00 , 


< 



A ch,tl/2(cfto:)L/i 2A 7 
(cfti) 2A + 1 -“ 
W fet l/2(cfcx)|3fc 2A f 
( cht.) 4x ~ a 


dt, 0 < r < 2, 
dt, 2 < r < 00 


(5.1) 
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<( 


(Shi) 


a—2A+1 


00 / Q ur \ 2A+1 —a 

f A cht\h(chx)\sh tdt, 0 < r < 2, 


(«*§)“ 4A 1/2 (c/kc) I 




r \ 4A—a 


sh 2X tdt, 2 < r < 00 , 


< < 


(^5) 


r l-(2A+l)(l- 5 ^ T ) 


X A cht I */*■2 (cLx) | ^ J 


s /.5 


2A +!' ;,2A 


sh 2X tdt, 0 < r < 2, 


(s/i§) 4A(1 4a) f A^ t |/ 2 (c/Mj)| ( ix) sh 2X tdt, 2<r < 00 , 


ex _^ OO 


\ H (Q , r )\\ X+1 I A cht\M chx )\( M GXH(cht)) 2A+1 sh 2 X tdt, 0 < r < 2 


|i^(0, r)| 1 / 4LI/ 2 ( chx )I (M G XH{cht)) 1 “a s h 2X tdt, 2 < r < 00 . 


(5.2) 


First we consider the case 0 < r < 2 and 0 < a < 2A +1. Let 0 < 5 < 1 — 2 "L . 
By Holder’s inequality, we have 

\Ich(chx)\ 


< 


1 


A cht\h{ ch x)\(MGXH(chx))v{M G XH(cht)) 1 2A + 4 psh 2X tdt 


■ 2Aj 


1^(0, r)^ 2A+1 ^ 


< 


|i/(0,r)7“ 2 “ +1 


j4 Atl/2( c ^)l P ( M GX^(cht)) ,5 s/i 2A tdt 


x ( / ( McXH{cht)) p 2A +! S sh 2X tdt 


P-1 

P 


l#(0,r)| 


i-i+i 

p <? 


A cht I /2 (c/tx) \ P {M G XH (cht)) s sh 2X tdt 


exp 

’ 2A+1' 


P-1 


x yj {MqXh (chi )) p- 1 sh 2A tdt 

1 


1^(0,r)U 

f 1 


4m I h (chx) \ p (M G XHcht) s sh 2X tdt 


exp 

' 2A + 1 ' 


P-1 

P 


(. MaXH^cht )) v- 1 sh 2X tdt. 


Further 


1 


exp 

’ 2A+1 ~ 


(. MoXH(cht )) p- 1 sh 2X tdt 


\H(0,r)\ x 

1 


sh$ 


\H(p,r)\ x J r \sh*¥ 


r . (2A+1 )(p—5) — exp 


P-1 


sh 2X tdt 


(5.3) 
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(2A+l)(p— 6) — ap 

(s/»§) p- 1 r°° sh 2X \ch 2X \ 

( , r \ 2A + 1 / , (2A + l)(p-3)-gp ^ 


(Sh f)^ Jr {sh ^ + TJ 0, - aP 

< ( r fXXMi 

~ r'SJ / , (2A+l)(p-«)-cp u '' 

Jr (s/i|) p - 1 

^ , r ■ (2A+l)(l-J)-gp y 00 d(sh^) 

P_1 X (^|) (2A+1) p ( ^ 6) ~ a£ -(2A+l)+l 


< ( ,r /°° ^ 2 ) 

~ V 0, S/ / , (2A+l)(l-5)-op , , ~ 

2 Jr (sh±) ^ +1 


From (5.3) and (5.4) we obtain 


_l r /*o° N A 

/g/ 2 (c/ix)| < |#(0,r)| A 9 { J A x ht \f 2 (chx)\ p (M G XH{chx)) s sh 2X tdtj P (5.5) 


for 0 < ,x + r < 2 and 0 < a < 2 A + 1. 

Now we consider the case 2 < x + r < oo and 0 < a < 4A. 
Let 0 < 5 < 1 — ff. By Holder’s inequality we have 


|/g/ 2 (c/ix)| 


-wnET / ^cfetl/ 2 ( c ^)l( M GX^(c^)) p (M G XH'(c/it)) 1 psh 2X t.dt. 

\H(0,r)\ x ^Jr 


< - 1 I= o: ( f A x ht |/ 2 (chx)\ p (M gX h( cht)) s sh 2X tdt \ ” 

|iL(0,r)L 4A \Jr J 


/ i jd 1—2A / ^ p ap j 

x * 2 A+i-a / ^c/itI h{chx)\ p (M g xh( cht )) p 4 A sh 2X tdt 
( sh 2 ) v; 


(^i) ] 


~ / , r\2A+1—« 


(>*§) 




/ r 00 s/l£ 4A (p-S)-ap 

X U ( wy> 


|iL(0,r)| 


1 — / OO 

1+2A / /> 


1^(0, r)| 


<? <? 
A 


I+^A / 

I^TX I J A x ht \f 2 (chx)\ p {M GX H{cht)) s sh 2X tdt 


(fMlXX ( 1 

|iL(0,r)| ? \( s/? l) 


f 00 sh 2Xt zch 2X ± 

2A+I / ” 4A (p-S)-cp ^ 

Jr (s/i|) P" 1 
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< 


A iht\h{chx)\ p {M G XH{ckt)) 5 sh 2X tdt 


\H(0,r)\ 


1 
<? 

A \r 


p -1 


/ , r\ 1-2A 

x ( sh o) 


(»'*?) 


1 / ■ 
2A+1 / 


d(sh 


i sh I) 


4A(1 —5) —cep 


+i 


( 5 . 


We estimate the expression 

1 r 0 d(s/t§ 
(sh|) 2A+1 Jr ^l^T 

From (5.6) we get 


i)_ i 

2A+1 / 4A(l-<5)-o:p . '"Ill 4A(l-<5)-ap 

-+1 ( S / l ^) 2A+1+ ^^- 


Kr 2A 


i 


cL(sh\ 


P-1 

P 


< 

r-j 


i 


2A+1 


4A(1 —5) —cep 


ZA A (4A(1—5)+(4A—a)p—2A—1) 
2 


(*&§) P “ 1 

< 1. 


+ 1 


(sh^)p 


From this and (5.6) we obtain 
1 


|/g/ 2 (c/ix)| < - r (/ 4 A M |/ 2 (c/ix)| p (Af G X^(c/).t)) ,) s/) 2A t(it I (5 

|F(0,r)U J 

for 2 < x + r < oo and 0 < a < 4A. 

It remains to consider the case 2 < x + r < oo and 4A < a < 2A + 1. 


Let 5 < 1 — (8A ~ a)p 
|/g/ 2 (c/ix)| < / A a w |/ 2 (c/rt)| 


4A ’ 

/•oo 

< / A a ,.J fo(r.hx )\—-— . . dt 


< 

r-j 


/ oo sh' 2X t 

A cht\f2(chx)\—^dt 


< 


1 


(^i) 


a— 4A 


A cht I f 2 | 


)c/lt) 2A+1 


s/lK \ a—4A 


S ft£±i 


sh 2X tdt. 


< 


1 


I h (chx) I (Mgxh ( cht )) “4A " sh 2X t,dt 


(»*§) 


r \ a—4A 


< 


1 I' 00 \ « c-4A 3 . 

j4 cwl/ 2 (cMI( M GX^(c/it)) ! ’(M G x^(c/i.t)) 4A psh 2X tdt. 


r \ a—4A 


(s/l§) 

By Holder’s inequality we have 

1 / roo 


1 1(2 f 2 {chx) | 


< 


M) 


r \ o;—4A 


I h ( chx ) \ p (MgXh ( cht)) d sh tdt 

/ cc—4A 6 \ p— 1 
v 4A n ' 


x I / (Mgxh( cht)) ( 4A r' 1 p sh 2X tdt 


P-1 

P 
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2A+l-o 


(shlf X+l ~ a {shl) 


a—4X 


A cht I h (chx ) I (Mqxh (cht)) s sh 2X tdt 


< 

i—^i 


(ski) 


6A+l-2o 


7 * (a—4A)p—4A<5 


P-1 


sh 2X tdt 


v-1 
p 


\H(0,r)\l +1 * 


A cht\h(chx)\ p (M G XH(cht)) s sh 2X tdt 


p-i 

I r (a— 4A)p—4A<5 \ p 

1 %) sh 2 Hdt) 

2 


r / \ 

Jr ^sh tA f) 


< 


\H(0,r)\ 


A cht I h (chx) I (. Mgxh (cht)) 6 sh 2X t,dt, 


S r>U 2Aj 


Further 




i 


Iv2A+l-a 


(»'■?) 


2A+1 


f 00 sK 2 X bch 2X b 

_£_£_ df 

(a: —4A)p —4A(5 ^ 

n p- 1 


P-1 

P 


(»'>§) 

< 


2A+1 

1 


r°° sh 2X icU 2X i 

_£_£_ (f 

(ck— 4A)p—4Ai5 u,</ 


W) P_1 


d(sht 


(shi_) 


2A+1 


(sh^) {a t A - P i 4A5 - 4A +! 


< 


1 


< 


( s/l §) (s/i§) 

1 


Q—4A)p—4A<5—4A(p—1) 
P-1 


1 


(o:-8A)p+4A-4A<5+(2A+l)(p-l) 


(»*§) 


P-1 


Q—6A+l)p—4A<S+2A —1 


( sh i) 


P-1 


From this and (5.8) we obtain 


p-i 




D2A+l-a 


1 


< 


(«*>?) 

1 


r \ 2A+1 


'■°° sh 2X 7jch 2X 7j 

_ ± _£_ df 

(a —4A)p —4A<$ U ' C/ 

r (shi) r - 1 


(a--6A+l)p-4A<S+2A-l-(2A+l-a:)p 


(«*§) 


(5.8) 


< 


1 


< 


1 


< 1, 


(2ai—8A)p+2A —1 —4A6 ~ (a=-4A)p+2A-l-4A<5 ~ ’ 

(^ 5 ) ; (‘hi) 5 


From this and (5.8), we have 


\lGh(chx)\ < \H(0,r)\] 


A cht\ hchx\ p (Mgxh (cht)) 6 sh 2X tdt 


(5.9) 
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Combining(5.5), (5.7) and (5.9), by Lemma 4.4 we obtain 

|7g/ 2 (c/ix)| < |77(0,r)| A 9 A^ ht |/ chx | p (Mqxh( cht)) s sh 2 *tdtj P 

< \H{0,r)\ x q w{r)r\\f\\ MpiX , w , for x € 77(0, r) 

and 

{w(r)~p [ \l£f 2 (chx)\ q sh 2X xdx\ q < ||/||m p , A|W - (5.10) 

By (5.1) and (5.10) we get (3.5). 

(ii) For / <E , G) and for / G 77 (0, r) let f = fi+ / 2 , fi = fXH■ By 

Theorem 5.1, 7g is bounded from Li : \(R + ,G) to lTL gi A(^+) G) 

K* 6 mr) ■ VZh(chx)\ > /J}| A < (l||/ 1 ||L 1>A ) q < (^ll/llM,, x „)t (5.11) 

It follows from (5.2) and Lemma 4.4 with p = 1, S = 1 — 2 \+i = ~ H ia t a l 
0 < r < 2 

_i r°° i 

|/g/ 2 (c/ix)| < |iL(0,r)| A 9 / A* ht \f 2 {chx)\ p (M G XH(cht))ish 2X tdt 

J r 

^ \ H {0,r)\ x q w(r)\\f\\ Ml ^ w for x G 77(0, r). (5.12) 

And suppose (5 = 1 — | A = lat2<r<oo 

\I%f 2 {chx)\ < \H{0,r)\ x q w(r)\\f\\ MltXiW , for x G 77(0,r). (5.13) 

From (5.12) and (5.13) we have 

\{x € 77(0,r)} : |7g/ 2 (c/ix)| >/3\ x < [ sh 2 Hdt 

JH( 0,r) V P ' 

< (^II/IIm, a ,)". (5.14) 

Combining (5.11) and (5.14) we obtain (3.6). 
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